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Abstract
The ambiguity function associated with the linear canonical transform
(LCT) is a generalization of the one-dimensional ambiguity function
using the linear canonical transform, called the linear canonical
ambiguity function (LCAF). We first investigate its basic propertics
such as the complex conjugation, translation and modulation. These

propertics are extensions of the corresponding versions of the classical
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ambiguity function. Using c basic relationship between the LCT and
LCAF, we derive the inversion and Moyal formulas for the LCAF.
Based on a convolution theorem for the LCT, we propose the
convolution theorem related to LCAF. Finally, through simulation
example, we demonstrate how the proposed convolution generalizes
the formulation of the classical ambiguity function convolution.

1. Introduction

The linear canonical transform (LCT) [4, 6, 7] is a linear integral
transform with three free parameters which has found many applications in
several areas, including signal processing and optics. It can be regarded as
generalization of many transforms such as the Fourier transform, Laplace
transform, the fractional Fourier transform, the Fresnel transform and the
other transforms. Many properties of this transform are already known,

including shift, modulation, and uncertainty principle [9, 11, 14, 16-18].

Recently, many efforts have been devoted to extend various types of
transform to the linear canonical transform. Tao et al. [13] studied the short-
time fractional Fourier transform which are generalization of the short-time
Fourier transform to the LCT. Some applications of the extended transform
such as the estimations of the time-of-arrival (TOA), pulse width (PW) of
chirp signals, and the %FRFD filtering are also discussed. Fan et al. [3]
proposed an extension of the quaternion Wigner-Ville distribution to the
LCT. Spane useful properties of the generalized transform were also studied.
In [6], the authors proposed the Wigner-Ville distribution associated LCT
and established its convolution and correlation theorems. In [19], the authors
proposed the generalization of the classical wavelet transform to the LCT
domain and its application to blind image watermarking. The authors [20]
discussed the convolution and correlation theorems for the 2-D LCT, which
are the generalization of the convolution and correlation theorem for 2-D
Fourier transform. In [15], the generalization of the classical ambiguity
function to the LCT was recently presented. Some general properties of the

generalized transform were shortly studied.
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Therefore, the purpose of this present paper is to introduce the linear
canonical ambiguity function (LCAF). The transform is obtained by
replacing the Fourier kernel with the LCT kernel in the AF definition. We
investigate several basic properties of the LCAF such as complex
conjugation, shift and modulation. These properties are very important for
their applications in digital signal and image processing. Using the
relationship between the LCT and LCAF we derive the inversion and Moyal
formulas related to the LCAF. Based on convolution theorem for the LCT we
define the convolution of the LCAF and find its convolution theorem.
Finally, we present an application of the LCAF convolution theorem to
demonstrate how the proposed convolution generalizes the formulation of the

ambiguity function convolution theorem.
2. Preliminaries

2.1. Linear canonical transform

The LCT is firstly proposed by Moshinsky and Quesnee [4] and Collins
[8]. Here we briefly introduce the LCT definition.

;
Definition 2.1 (LCT). Let 4= (a, b, ¢, d) = [a Lj e R?? be a matrix
¢

parameter such that det(4) = ad — be = 1. The LCT of a signal f e 1* (R)
is defined by

J’w K 4(o, x)dx, b =0,
o (1)

Ly(Nw) = (ed
_«/Ee{ﬂ‘” f(do), b=0,

where K 4(o, x) is so-called kemnel function of the LCT given by

KA(LO,X):—,Z—(;H (2)

It also should be remembered, when b = 0, the LCT ofa signal is essentially
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a chirp multiplication. Therefore, in this work, we always assume b # 0. The

inverse transform of the LCT is given by

F@ = [ L@ 1 (0, x)do

. )

where the inverse of matrix parameter 4 is denoted by A and 47" =
(d,—b, —c, a).

An important property of the LCT is the Parseval’s formula which will
be used to establish Moyal’s formula for the linear canonical ambiguity
function (LCAF)

(.f's g) = (‘{‘A (f)'s ‘{‘A (g))'s (4)

for all f, ge LZ(R)A In particular, for f = g we obtain the Plancherel’s
formula for the LCT as

| £l =1L40F)

2

where L” norm is defined by

o0 p
1ty ([ brwra) s vsp <

2.2. Ambiguity function

In this subsection, we briefly discuss the important properties of the

ambiguity function. For more details, we refer the reader to [1, 2, 10, 11].

Definition 2.2 (Ambiguity function). If two functions f, g LZ(R),
the cross ambiguity function of fand g is defined by

Af o (t, ) = I_i f[x + %jg[t - %j e IO% g, (5)
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Some basic properties of the classical AF are summarized as follows. Let
f.ge LZ(R)A Denote by 1, is the shift operator defined by 1, f(x) =
f(x—k) and by M, is a modulation operator defined Mmﬂf(x)z

ei:ugxf(x )

1. Complex conjugation
mz Wg,f(‘f, - ).
2. Translation
s, r,t-g(’° ) = "_“DO‘(A.;‘}g("a ®).
3. Modulation
|
AMfﬂnf' Mr__mg(r, ®) = ook A_;‘,g(t‘, 8- o).
4, Moyal’s formula
1 f= > - L
EI—«; .[_w Afy g 6, ©) gy g, (1, @) dtdo = (1, 12) (g1 £2)-

5. Inversion formula

_ 1 * X i it
f(!r) = ZIIIU)I—OCA'I]'E{[Z B U)je do,

provided g(0) # 0.
3. Linear Canonical Ambiguity Function (LCAF)

3.1. Definition of LCAF

Based on the definition of the classical ambiguity function associated
with the Fourier transform, we obtain a definition of the linear canonical

ambiguity function (LCAF) by replacing the kernel of the FT with the kernel
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of the LCT in the classical AF definition. This definition is similar to the
one proposed in [15]. Therefore, in this paper, we shall investigate more
properties of the LCAF.

Definition 3.1. If f,geLz(R), then the cross linear canonical

ambiguity function (LCAF) of two functions fand g is defined as

y ) o ¢ 7, 1 i%(%xz—%xu.w%mz)
AF+ r,m=I '[x+—j [x——j e - dx. (6
74 )35 ©)
Suppose the kemel of the LCT with parameter 4 is K 4(w, x) defined in (2).
Then (5) takes the form

.
AF [t @) = f_m hy, gl K 4(@, x)dx, (7)

where

hy o (x, 1) = f[x + %j g[x - %j (8)

If f =g, then Af_f-‘f-(r,m =A}'_}‘?(r, ®) is called the auto linear

canonical ambiguity function. Often both the cross LCAF and the auto LCAF

are usually referred to simply as the LCAF.
1

It follﬁs from Definition 3.1 thﬁ the cross LCAF is the LCT of the
function /1y ,(x, t) with respect to x. In other words,

AF} ot @) = Lylhy o (x, )} (o).
The following result describes an inequality related to the LCAF.
Theorem 3.2. Suppose that f e LP (R), g € L1(R) with |/p+1/q = 1.

Then we have

1

A
A (6 0) | < =1 f ]l 2], ©
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Proof. A straightforward computation shows that

| AF ] (1, o) |
n R — Afa 2 2 d 2
o0 !t !t l [E(Ex_ —EXU.H'FU.)_ )
= X+ gl x—-= e dx
o s)ds -2
I/p
sl 1 P
< I_m‘f(x+5j de
{ .I(a 2 2 N _) q v
o0 r IE EY EYU) F!l)
X X —— e dx
-{—co g( 2)021‘:5:‘
1 - /g
{1
2nh —ao |’ 2 —a0 g 2
1/q

N Uil o dy]lfp[ I il g(») I"’dy]

Hence, the result follows.

Observe first that for p = ¢ = 2, equation (9) will reduce to

1 .
AFL (1, < — ,
| _;‘.g( )| b I f “2” g ”2

which shows that A}'_f-‘g(r, ) is bounded on L2(R).
Example 1. Find the LCAF of a Gaussian signal
24y 2
() = (e Ve 12,

Applying the definition of the LCAF (5) gives

461
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AF e, ©) = (ro?) 22

2nhi
2 2
I\‘/ 2 ( I\‘/ 2 I(a 2 d 23
a0 —(r+— 26" - x— 267 io| —xT——xot—m”
X.[ e 2J e 2J 2\b" b b de
-0

2, 2 pm0 2,2 -l(ﬂ 2 2 o+l 2)
- (ro?) 2 1 e—;-f4c-I*e—_x-fc-e‘2 5T )
~ 2mbi ]

Applying the LCT of the Gaussian function, which can be found in [5], we
finally arrive at
J_ ﬁ 2e6” +id |
- 1 —I2f40'2 20 2 r‘J—"iao’zJ
A}'f-(r, ) = (t6?) I’Q—‘e —— - .
' V2mbi V26%a + bi

3.2. Useful properties of LCAF

In this subsection, we discus some useful properties of the LCAF and
theirs proofs. We see that the most of them are extensions of the
corresponding version of the classical ambiguity function (AF) with the some

modifications.

Theorem 3.3 (Complex conjugation). For any function f, g € r* (R),

we have

— -1
AFf ot ) = AF g f(=t, 0). (10)

Proof. Applying the definition of the LCAF (6) and inverse of the matrix

parameter 4 = (a, b, ¢, d), we easily obtain

Y a . . o0 ¢ 7{ 1 !I;(%xz —%xuw%m?)
Aff-‘g(r,m)zj_w_f[x+5]g[x—5]me dx
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= Ij; g[x - %j f[x + %]KA‘I (o, x)dx

=AF} ( 1, ®).
Theorem 3.4 (Translation). Suppose that [, g € I (R). Then we have

5
cack”

AFA (1, w) = ei"k‘”e_!TAff{g (t, ® — ka). (1)

TS Tg
E

Proof. It follows from the definition of the LCAF (6) that

7{ {%(%xz —%xuﬁ%mz}
I“ r,;g('r ®)= I f[t—k+2j [x—k—j)e“ .

Letting x —k =y and then applying shift property of the LCT, we

immediately obtain

(t. )

fxf 34
— 5 2 d 2
0 iy +k ) —(y+k)o+—o”
=I f[y+£jg[y—%jez(b b b )dy

5
ack”

L R
= 0, 2 A}'f g(r, o — ka),
which was to be proved.
Theorem 3.5 (Modulation). For any function f, g € I’ (R), we have

A iyt A
ATy f et ©) = €V AF L o (1, 0). (12)

Proof. Simple calculations show that

A
M ”0}{ “’ﬂrl g(f., U))

e e;m(ﬁ%)f[x ot j‘f uuo(r—%)g[t ‘Ej K (0, x)ds

—an 2
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1 a0 t t il(ixz —Exm+imz )
_ o0t f[x+—jg[x——jez T b b )y
\2nbi — 2 2

= AF ] o (1, ©).

Theorem 3.6 (Modulation and translation). Let f, g € LZ(R) be two

complex functions. Then we get

A _ gt A _
Afmra{}rkfn Mm{}rkg(r’ U)) =¢ A}-f‘ g(-“, @ ka)’ (13)

1 1 —f'(m.'i‘g —Fn!m{‘j} ) 2+i(ck +dog ) @—ibekemyg
{?:u{)r gifmﬂe

A — ra
Mm{}rkf\ Tﬁ-g(r’ U)) =
x AF{ (t, © = ak — ogh), (14)
2 2
.1 ¢ il —ifack™ —Fn!mﬁ],l"E—f'(ci' +dw() ) w—ibekeog
y 300! i3
. t =e-
Aff,t-.f.i‘vﬂmnfkg( o) =e
x AF 1 (1, © = ak + ogh). (15)

Proof. For (13), an easy computation yields

A
Affwmﬂ S ?«11(,){} k& (.“., U))

1 o0 ¢ 7{ il(ixz —EUJX'f'iEJJE )
=™ )“[x +——kjg[x———kjez A A
~ 2mhi —o0 2

_ _ _[_ac'ﬁ'z
= 00 icko, 2 A f?‘ ¢ (1, © —ka),
where the last linegaf above expression follows from translation property of

the LCT. For (14), we have, by definition
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A
an T ThE (I., m)

. Iw em{}(ﬁ%)_ ,f'[x ke %j g[x k- %)KA(U,, x)dx

-0

1 w ilm{)r t t il(ixz —me+£:uz)
= ‘[ e e 2 _)"[x—k+5jg[x—k—5jez bbb

—00

I
)
= =)
=

5
'l(%xz —%(m—:mr‘)}x +%:u2 )
- dx

.1 —

[?mﬂr'[w [ rj [ rj ?

= e+ x—k+-|glx—k—=|e
~2mbi —oof 2)8 2

.1
i—tgt i 02 24 g o
_e2 7, i(ack= +bdwj )/ 2+i(ck H{m{}}mﬂbdmnﬂf‘g(f, — ak - bay).

For (15), an application of modulation and translation properties of the LCT

we easily obtain

A
'A}-Tx-.f S My Thg (t, ©)

[ (TR ey FE

.1
i—mgt i o2 P T e
_e2 7, i(ack” +bdwg ) 2+i(ck+dog ) o {bcﬁ:u{)A}-;i_‘g(r, —ak+ b 0)‘

Theorem 3.7 (Reconstruction formula). For any function f, g e I? (R),

we have
1 w« A t
f(t) = ——g(U) I_ A}-.;‘.g[_z , (,)) KA“ (1, w)dw. (16)

Proof. It directly follows from (7) that

AFF oty ®) = Lythy g (x, D} (@) = I ‘1 By g(x, K (0, x)dx.
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Applying the inverse of the LCT (3), we get
hy ()= [ AF (6 0K i (x, 0)do,
and thus

f[x + %)g[x E %j = Ij; Af}“-‘g(r, m)KA_1 (x, ®)do.

Taking the specific value, x = % and the above yields

050 = [* A 0 00K 1[5 0 Jdo,

or equivalently,

1

f(")=ﬁ

J‘w AFE (1, 0)K [i mjdm
" f.g\b A—l 7° o

Theorem 3.8 (Moyal’s formula). For complex functions

N fr.81. 8 € I (R), then the following result holds:

[T art . oAF] @ o)dod =25, £)(rn ). (7)

—o0 e —o0

In particular, we have

[ 7 147f o0 @) Pdod =2 1 )21, (s)
and

[T arfe )4z o)doa =2/(1, ) (19)

Proof. Applying Parseval’s formula of the LCT (4) to o -integral into

the left-hand side of (17) yields
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Iw h o (t, m)AfA (.", o)dodt

_ J‘ ‘: [ J’ ‘1 Lathy, g (x, O}(@)Lylhy, g (5 1) (m)du)]dr

= .[_w[-[—whﬁ‘gl (x, hp g, (x. r)dx]dﬂ

Therefore, we further get

Iw‘ h o (t, m)A}' o (1, ®)dodt

- fl(“ jgl[ 2)2{ jmdm

Making the change of variables y = x +% and z = x —% and applying

Fubini’s theorem, we obtain

.[i " ;1 gl(f U’)mdmdr
=2 [7 haEea) A

2f” A0 70| aEe )

=2(f1, ~2)(g1, g2)-

The convolution is a fundamental signal processing algorithm in the theory
of linear time-invariant (LTI) systems. In engineering, it has been widely
used for various template matching. In the following, we first define the
convolution for the LCT (see, for example, [16, 17]. It is the extension of the
convolution definitions from the FT domain to the LCT domain. We present
the convolution definition associated with LCAF and then establish

convolution theorem related to the LCAF.
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Definition 3.9 (LCT convolution). For two complex functions

f.ge ? (R), we define the convolution operator of the LCT as

(r 0@)0) = [ 7(x)glt =W (x, 1) 0)

Ny
i—

. . 2x(x—t)
where the weight function W(x, t) = e b .

As an easy consequence of the above definition, we get the following

important result.

Theorem 3.10 (LCAF convolution). Let f, g ELZ(R) be complex

signals. Then we have

AF 144 (t, )

o0 —iimz —{'3(4!((!—!(}}
=I AF p(u, ©) AF  (t —u, 0)e P e P du. 21
T :
When 4= (a, b, ¢, d) = (0,1, -1, 0), equation (21) will reduce to
Af_f-@g(r, o) = I AF (U, ©) AFg(t = u, ©)du. (22)

Proof. By the LCAF definition (6), we easily obtain

AF {44 (t, ©)

Afa 2 2 d 2
T° =T+ — O

[T vog(srg)urog(i-gle T P )i

I e - g,

bob )dt (23)




Putting x = u +
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p
2

AF o4 (t, )

A ),
S e Bl g
x f[l P ]g[r —u - 3] e—;%z(m%)(s—m%)

) 2

. P g\ .lfa 2 2 d 2
5 e—{EZ(M—E)(I—H—E)egi(g(‘oﬂ;} —E(p+q}m+gm )
o0 o0 o0 ) ﬁ a i

P 94 —i(—;(4u(r—u}+pq}
xf[u zjg[r u 2]9

dpdgdu

da 2 1

Iz P~ i52pg ijﬁqz -ile -ile i%m
xelh 277207 o b o b 20 dndgdu

P

W e p 7}) {-EPE ] !'E:uz
I I f[u+?]f[u—?]e 267 o b e 2 gy
—o0 W —an

q
2

—o0

469

= Y =U— and T = p + ¢, we immediately get

_— la 2 a
w0 2 i1 i L4t —
X,[ g[r —u+ ijg[r —u - %j xe2b? ¢ {"’mdqe{"’( ut ”}}dm (24)
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Applying the definition of the LCAF (6) and multiplying both sides of (24)
Ad 2

I oy
by e 20 vyields

Ad 2 .a
* —i—m" —i—(4ult—u
M_?Qg(!'-, U)) = ‘[_m A}-? (1;, m)Aj—': (f —u, m)e 2% . b( ( }}du‘

3.3. Practical signal and simulation

In this subsection, we shall discuss an example how to compute the
convolution of the LCAF in (21). We first use a Gaussian function

£(0) = (ra?) Ve 127

Applying equation (20), we easily obtain

_{.EmE , mg( 2ca? +ia’J
o 2b 2 = .2
A e a b=2iac
AFFo(t, 0) = —— ¢
2mhi 262%q + b
2
u

w3

- 2, 2 —i%(4u(t-
x(rco'z)_lj e oo tmu)/o7, el ”})dm (25)
If @ = 0, then the above identity will reduce to
AF o 1 (t, o)

Ad 2 o 2cc?+id u
=) Y m o — 5 5
2,1 2 (t-u) o>
(ne”) I e o e /T gy
—a0

2nhi b ¢

2.
2ea” +id

Ad 2 2
—i—— P
2% 2 ( ] 2, 2 poo 2 2
e 2c (TEO'Z)_IE_I /o I e—(Zu —2tu)fc dut.

T 2mbi b ¢ —w

Using the fact that

L 2 2
‘[ SOt E2Dt g, /E_QD /c.
—o0 C
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where C and D are complex numbers satisfying C # 0 and Re(C) = 0. This

gives

-t ) mg(Zc‘czﬂd\
2b < 2, 2 2
A e 2o b J 211 26 _ [T (201) )2
S0 ot i —— — A
AF 7o ¢(t, 0) T (to”) e o\7¢

If a =1, b = 1, then equation (25) becomes

AF o (1, )

Y

5
R 2 al 2ot +i
cimde? 5 2ea” +id
e - a

2 _ B 1-2ig” J(TCGE )—I'[OC8—2(112—Iu}e—iﬁt(m—uz}d“
ni(26° + 1) —o

Y

2.
N 2| 2eo”+id
—{;d:u W =

_ e = a |—2i(‘j’2 J(EGZ)—|Iwe—(2—4i}i(2+2(I—i2!}i(d“
(262 +1) o
_ildmz , mg(Zr_'o‘sz]
2 L
_e *© . o, Li-2id? (na?)”! ’ n ‘e(s—szs}zh‘
ni(26” +1) 2-4i
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